Motivated by recent observations of non-zero θ 13 from the Daya Bay and RENO experiments, we propose a renormalizable neutrino model with A 4 discrete symmetry accounting for deviations from the tri-bimaximal mixing pattern of neutrino mixing matrix indicated by neutrino oscillation data.
I. INTRODUCTION
Very recently, the Daya Bay Collaborations [1] announced 5.2σ observation of the nonzero mixing angle θ 13 with the result given by sin 2 2θ 13 = 0.092 ± 0.016(stat) ± 0.005(syst)
1 . This result is in good agreement with the previous data from the T2K, MINOS and Double Chooz Collaborations [3] , and the Daya Bay and RENO progresses have led us to accomplish the measurements of three mixing angles, θ 12 , θ 23 and θ 13 from three kinds of neutrino oscillation experiments. A combined analysis of the data coming from T2K, MINOS, Double Chooz and Daya Bay experiments shows [4] that sin 2 2θ 13 = 0.089 ± 0.016(0.047) ,
or equivalently θ 13 = 8.68
•+0.77 • (+2.14 • ) −0.84
at 1σ (3σ) levels and that the hypothesis θ 13 = 0 is now rejected at a significance level higher than 6σ. In addition to the measurement of the mixing angle θ 13 , the global fit of the neutrino mixing angles and mass-squared differences at 1σ (3σ) levels are given by [5] θ 12 = 34.0 (−0.27) , IH (3) in which NH and IH stand for normal hierarchical neutrino spectrum and inverted one, respectively. The data in Eqs. (2, 3) strongly support that the tri-bimaximal (TBM) mixing pattern of the lepton mixing matrix [6] should be modified. There have been theoretical attempts to explain what cause the three mixing angles to be deviated from their TBM values [7] .
Motivated by the measurements of θ 13 from the Daya Bay and RENO experiments, we propose in this paper a renormalizable model with A 4 discrete symmetry which gives rise to deviations from the TBM mixing indicated by the current neutrino data. In addition to the leptons and the Higgs scalar of the standard model (SM), the model we porpose contains three right handed heavy Majorana neutrinos and several scalar fields which are electroweak singlets required to construct desirable forms of the letponic mass matrices.
Although we introduce electroweak singlet heavy Majorana neutrinos, the usual seesaw mechanism does not operate because the scalar field involved in neutrino Yukawa terms can not get vacuum expectation value (VEV). However, as will be shown later, the light neutrino masses can be generated through loop corrections which is a kind of the so-called radiative seesaw mechanism [8] . In the paper, we will show how the light neutrino mass matrix generated through loop corrections can be diagonalized by the Pontecorvo-Maki-NakagawaSakata (PMNS) mixing matrix whose entries are determined by the current neutrino data.
The origin of the deviations from TBM mixing in our model is non-degeneracy of the neutrino Yukawa coupling constants among three generations, which is different from other attempts to explain the deviations from the TBM mixing [7] .
Since non-trivial Dirac CP phase can exist only when the mixing angle θ 13 has non-zero value in the standard parametrization of the leptonic mixing matrix, the observations of non-zero θ 13 from the Daya Bay and RENO experiments shed light on the search for CP violation in the leptonic sector. We will show that unremovable CP phases in the neutrino Yukawa matrix are the origin of the low energy CP violation measurable from neutrino oscillation as well as high energy CP violation. Therefore, we can anticipate that there may exist some correlation between low energy CP violation and high energy CP violation.
II. A MODEL WITH A 4 SYMMETRY
The model we consider is the standard model (SM), extended to contain three righthanded SU(2) L -singlet Majorana neutrinos, N R . In addition to the usual SM Higgs doublet Φ, we newly introduce two scalar fields, χ and η, that are singlet and doublet under SU(2) L , respectively:
In order to account for the present neutrino oscillation data, we impose A 4 flavor symmetry for leptons and scalars. In addition to A 4 symmetry, we introduce extra auxiliary Z 2 symmetry so that a radiative seesaw at around TeV scale should operate. Here we recall that A 4 is the symmetry group of the tetrahedron and the finite groups of the even permutation of four objects [9] . The group A 4 has two generators S and T , satisfying the relation
In the three-dimensional unitary representation, S and T are given
The group A 4 has four irreducible representations, one triplet 3 and three singlets 1, 1
where ω = e i2π/3 is a complex cubic-root of unity. The representations of the field content of the model under SU(2) × U(1) × A 4 × Z 2 are summarized in Table-I :   TABLE I : Representations of the fields under
With the field content and the symmetries specified in Table I, the relevant renormalizable Lagrangian for the neutrino and charged lepton sectors invariant under SU(2)×U(1)×A 4 ×Z 2 is given by
whereη ≡ iτ 2 η * with the Pauli matrix τ 2 . Here, L e,ν,τ and l Table I and the auxiliary Z 2 symmetry is exactly conserved even after electroweak symmetry breaking ;
Therefore, the neutral component of scalar doublet η can be a good dark matter candidate, and the usual seesaw mechanism does not operate because the neutrino Yukawa interactions can not generate masses. However, the light Majorana neutrino mass matrix can be generated radiatively through one-loop with the help of the Yukawa interactionL L N Rη in the Lagrangian, which will be discussed more in detail in Sec.III. In our model, the A 4 flavor symmetry is spontaneously broken by A 4 triplet scalars χ. From the condition of the global minima of the scalar potential, we can obtain a vacuum alignment of the fields χ relevant to achieve our goal.
The most general renormalizable scalar potential of Φ, η and
where 
From those equations, we can get
2 There exists another nontrivial solution χ = v χ (1, 1, 1) with
. But, it is not desirable for our purpose.
where υ χ is real. Requiring vanishing of the derivative of V with respect to Φ,
and inserting the results given by Eq. (12), we obtain electroweak VEV,
In our scenario, we assume that v χ is larger than v Φ .
After the breaking of the flavor and electroweak symmetries, the vacuum alignment in Eq. (12) leads to the right-handed Majorana neutrino mass matrix expressed as
where κ = |λ s χ υ χ /M|. In addition, the charged lepton sector has a diagonal mass matrix m ℓ = v Diag.(y e , y µ , y τ ). We note that the vacuum alignment in Eq. (12) implies that the A 4 symmetry is spontaneously broken to its residual symmetry Z 2 in the heavy neutrino sector since (1, 0, 0) is invariant under the generator S in Eq. (5).
After the scalar fields get VEVs, the Yukawa interactions in Eq. (7) and the charged gauge interactions in a weak eigenstate basis can be written as
. One can easily see that the neutrino Yukawa matrix is given as follows;
For our convenience, let us take the basis where heavy Majorana neutrino and charged lepton mass matrices are diagonal. Rotating the basis
the right-handed Majorana mass matrix M R becomes real and diagonal by a unitary matrix
where a = 1 + κ 2 + 2κ cos ξ and b = 1 + κ 2 − 2κ cos ξ with real and positive mass
given in Eq. (15) is
with the phases
The phases ψ 1,2 go to 0 or π as the magnitude of κ defined in Eq. (15) decreases. Due to the rotation (18), the neutrino Yukawa matrix Y ν gets modified tõ
Absorbing P ν into the neutrino field ν L and then transforming ℓ L → P * ν ℓ L , ℓ R → P * ν ℓ R , we can make P ν disappeared inỸ ν as well as the Lagrangian Eq.(7). Then, the neutrino fields ν L in the weak basis are simply transformed into the mass basis by the lepton mixing matrix, U PMNS , so-called PMNS mixing matrix.
The lepton mixing matrix U PMNS can be written in terms of three mixing angles and three CP -odd phases (one for the Dirac neutrino and two for the Majorana neutrino) as follows [10] 
where s ij ≡ sin θ ij and c ij ≡ cos θ ij , and Q ν = Diag.(e −iϕ 1 /2 , e −iϕ 2 /2 , 1). Here, we notice that the origin of the CP phases in U PMNS is the CP phases ψ 1 , ψ 2 (or ξ) originally coming from M R as can be seen by comparing Eqs. (15) (16) (17) (18) (19) (20) (21) (22) . Thus, we expect that there can be some correlation between low energy CP violation measurable from neutrino oscillations and high energy CP violation responsible for leptogenesis in the neutrino sector. 
III. NEUTRINO MASSES AND MIXING ANGLES
We now proceed to investigate the low energy neutrino observables. Due to the auxiliary Z 2 symmetry, the usual seesaw mechanism does not operate any more, and thus light neutrino masses can not be generated at tree level. However, similar to the scenario presented in [8] , the light neutrino mass matrix can be generated through one loop diagram drawn in 
where
. The explicit expressions form
are presented in the Appendix. Here,
/2 where the subscripts R and I indicate real and imaginary component, respectively.
, the above formula Eq. (24) can be expressed as
By 1 y 2 By 1
where m i (i = 1, 2, 3) are the light neutrino mass eigenvalues, y 1(2) = y ν 1(2) /y ν 3 , and
It is worthwhile to notice that in the limit of y 2 → 1 the above mass matrix in Eq. (26) goes to µ − τ symmetry leading to θ 13 = 0 and θ 23 = −π/4. Moreover, in the limit of y 1 , y 2 → 1 the above mass matrix gives TBM angles and mass eigenvalues, respectively,
indicating that mass eigenvalues are divorced from mixing angles. However, recent neutrino data including the observations of non-zero θ 13 requires deviations of y 1,2 from unit. 
whereÃ,D,F ,G,K, P, Q, R and S are real : 
Then, the PMNS mixing matrix keeping unitarity up to order of ǫ i can be written as
The small deviation ǫ 1 from maximality of atmospheric mixing angle is expressed in terms of the parameters in Eq. (30) as
The reactor angle θ 13 and Dirac-CP phase δ CP are expressed as
In the limit of y 1 , y 2 → 1, the parameters Q, R, S, ǫ 1 go to zero, which in turn leads to θ 13 → 0 and δ CP → 0 as expected. Finally, the solar mixing angle is given as
where the parameters Ψ 1 , Ψ 2 and Z with |ǫ i | ≪ 1 are given as
Note that in Eq. (36) the condition
should be satisfied, in order for the solar mixing angle θ 12 to be lie in the allowed region from the experimental data given in Eq. 
We see from Eq. (37) that the deviation ǫ 3 from tri-maximality of solar mixing angle is roughly expressed as
In the limit of |ǫ i | ≪ 1, the solar and atmospheric mass-squared differences are roughly given in a good approximation by Here we note that the parameter M ri in Eq. (26) can be simplified in the following limiting cases as
(41)
IV. NUMERICAL RESULTS
As is well known, the observed hierarchy |∆m , and fix the overall seesaw scale M to be 1 TeV. Then, the parameters m 0 , y 1 , y 2 , κ, ξ can be determined from the experimental results of three mixing angles and two mass squared differences. In addition, the CP phases δ CP , ϕ 1,2 can be predicted after determining the model parameters. Depending on the values of the model parameters, there exist two possibilities for the light neutrino spectrum, one is normal mass hierarchy and the other is inverted hierarchy. In the following, we discuss the two cases separately.
(i) normal hierarchy of light neutrino
Based on the formulae for the neutrino mixing angles and masses, we numerically scan the parameters m 0 , y 1 , y 2 , κ, ξ and then pick up the values of those five parameters which are consistent with the experimental data given at 3σ in Eq. (3) . For the mixing angle θ 13 , we a bit widely allow its value from 5
• to 15
• instead of its experimental values at 3σ 3 . In such a way, we can obtain the allowed regions of the parameters given by 1.40 < κ < 2.38 , 0.44 < y 1 < 0.89 , 0.60 < y 2 < 0.84 and 1.1 < y 2 < 1.89 ,
We found that normal mass ordering of light neutrino can be achieved when
or M 2 M 1 < M 3 are satisfied for the parameter spaces given above. In the left upper panel of Fig. 2 , the data points indicate how the mixing angle θ 13 is determined in terms of the ratio y 1 /y 2 . The result shows that the upper limit of y 1 /y 2 is 0.86, and the measured value of θ 13 from the Daya Bay and RENO can be achieved for two regions, 0.40 < y 1 /y 2 < 0.57 and 0.67 < y 1 /y 2 < 0.82. To see how the parameters are correlated with low energy CP violation measurable through neutrino oscillations, we consider the leptonic CP violation parameter defined by the Jarlskog invariant
sin 2θ 12 sin 2θ 23 sin 2θ 13 cos θ 13 sin δ CP [12] which can be described in terms of the elements h = m ν m † ν [13] : .
The behavior of J CP is plotted in the right upper panel of Fig. 2 as a function of θ 13 . We see that the value of |J CP | lies between 0 and 0.034 for the measured value of θ 13 . In our model, since Im{h 12 h 23 h 31 } is proportional to 1 − y 2 2 , the leptonic CP violation J CP goes to zero in the limit of y 2 → 1. However, y 2 = 1 is not allowed in our analysis, and thus J CP = 0 indicates that there exists some cancelation among the terms composed of sin ψ 12 , sin(ψ 1 + ψ 2 ), sin(2ψ 1 − ψ 2 ) and sin ψ 2 multiplies by y 1,2 , f (z 1 )/a, f (z 2 ), and f (z 3 )/b even if CP phases ψ 1,2 are non zero. In the lower panel of Fig. 2 , the data points indicate how the values of θ 13 depend on θ 12 and θ 23 in the allowed regions given by Eq. (3). We see that the measured values of θ 13 can be achieved for two separate regions of θ 23 : 38.6
• θ 23 43
• and 47
• θ 23 53.1
• , which indicates that the parameter set strongly prefers deviations from maximal mixing for the atmospheric neutrino oscillation. From the right lower panel of Fig. 2 , we see that predictions of θ 13 does not strongly depend on θ 12 for the allowed region.
We see from the figures that θ 13 for the normal hierarchy prefers rather large values more than 5 degrees.
We also see from However, deviation of y 2 from one can be associated with deviation from maximality of atmospheric mixing angle by the following relation,
This formular for the parameter ǫ 1 is relevant only when y 2 = 1. In the case of y 2 → 1 while y 1 = 1 and sin ψ 1 = 0, we see from the above equation that the value of θ 23 (or ǫ 1 )
can be large but restricted by experimental data. Then, due to Eq . (26) and Ω in Eq. (35), the value of θ 13 gets smaller as y 2 → 1. On the other hand, when y 2 is much deviated from 1, two cases for θ 23 (or ǫ 1 ) are possible. One is that rather smaller values of θ 23 (or ǫ 1 ) are preferred as the value of κ (or sin ψ 1 → 0 and sin ψ 2 → 0) decreases, and the other is that the combination of two parts in numerator of the above equation can lead to wide ranges of θ 23 (or ǫ 1 ). However, when y 2 ≈ 1 which makes the above equation irrelevant, the value of θ 13 goes to 0 • (numerically 1 • ), and the value of θ 23 can approach 45
• (or ǫ 1 → 0) for y 1 → 1 or sin ψ 1 → 0 converge more faster than y 2 → 1. We have neglected this case in our paper.
By using the conventional parametrization of the PMNS matrix [10] and Eq. (32), one can deduce a expression for Dirac CP phase δ CP given by 
Moreover, we can straightforwardly obtain the effective neutrino mass |m ee | which is associated with the amplitude for neutrinoless double beta decay :
where U PMNS is given in Eq. (32). The left panel of Fig. 3 shows that δ CP is predicted to be 0
• and 300 
We found that this case is achieved when M 1 < M 2 < M 3 is satisfied. For those parameter regions, we in turn investigate how the mixing angle θ 13 depends on other parameters and whether CP violation is realized. In the left upper panel of Fig. 4 , the data points indicate how the mixing angle θ 13 is determined in terms of the ratio y 1 /y 2 . We see that the measured value of θ 13 in 3σ including the Daya Bay experiment in Eq. (2), can be achieved for two separate regions, 0.82 < y 1 /y 2 < 0.88 and 1.12 y 1 /y 2 1.3. We plot J CP vs. In the lower panel of Fig. 4 , the data points show how θ 13 is determined in the allowed regions of θ 12 and θ 23 given by Eq. (3). We see that the narrowed regions of the atmospheric mixing angle θ 23 , 38.6
• θ 23 40.5
• and 49.5
• are preferred, which indicates that the parameter set disfavors maximal mixing for the atmospheric mixing angles. From the lower right panel of Fig. 4 , we see that determination of θ 13 does not strongly depend on θ 12 for the allowed region. We see from the figures that contrary to the case (i), θ 13 for the inverted hierarchy prefers rather lower values less than 9.5 degrees. The left panel of Fig. 5 shows that δ CP is predicted to be around 70
• , 100
• , 160
• , 250
• and 290
• . In the right panel 
where the primed particles are not mass eigenstates, and mass parameters are given as 
Since the matrix in Eq. (A1) is block diagonalized, it is easy to obtain the mass spectrum given as follows; 
